Because the relevant time scales of the dynamics of typical Josephson junctions are on the order of a few picoseconds, simulations must be used to explore junction dynamics.
Typically, the resistively-capacitively-shunted junction (RCSJ) model 11, 12 is used to simulate junctions, resulting in a fairly good agreement with experiment. The RCSJ model, however, fails to reproduce significant features on experimental I-V curves when the shunt of the junction contains an inductive component 5, 13 . Better agreement is obtained when the RCSJ model is modified by including an inductor in series with the shunt resistor, as shown in Fig. 1 . For the rest of this paper, this modified RCSJ model will be referred to as the RCLSJ model. The equations which describe the RCLSJ system are:
V =h 2e dγ dt .
Here, I is the bias current applied to the junction, and γ is the phase difference of the order parameter across the junction. The current in the shunt branch, I s , passes through the resistor, R s and the inductor, L s , which model the actual thin film shunt resistor and its associated wiring. The intrinsic junction shunt resistance, R(V ), is modeled by a piecewise linear resistor, given by:
where V g = 2∆/e is the gap voltage, R N is the normal state resistance and R sg is the sub-gap resistance.
We can also identify a frequency at which the imaginary part of the admittance of the linear elements is zero. At this frequency, the load seen by the Josephson channel (the leftmost element in Fig. 1 ) is real. This "junction resonance frequency" is given by:
The time-averaged voltage at which the fundamental frequency of the Josephson oscillations of the junction is equal to ω r is given by:
where Φ 0 is the flux quantum. In the junction current-voltage characteristic, we expect to see a feature at V = V r which is caused by this simple resonance.
As with any resistive element at non-zero temperature, there is Nyquist noise associated with both R s and R(v) 14 . I N models the current noise through R(v), and V N models the voltage noise across R s . At voltages higher than k B T/e, shot noise is also significant 6 .
We will ignore this shot noise contribution, and expect that high-voltage noise-dependent features, such as the excess current, will not be accurately reproduced by simulations based on this approximation. The noise terms in the above equations should, however, accurately model real junctions when V < k B T/e. Since the noise terms complicate the model, and their omission does not significantly change the results of the first few sections, we will ignore noise until the final section.
In order to determine the relevant parameters of the problem, it is beneficial to reduce the above equations to dimensionless form:
In these equations, the normalized parameters are:
In normalized form, Eq. 4 becomes:
We numerically solved Eqs. 5 using a simple Euler integration method 15 . We used time steps of τ = 0.005, and waited several thousand time steps for transients to die out. A fourth-order Runge-Kutta algorithm was also used for some simulations, but the faster Euler integration method did not yield significantly different results since our time steps are small compared to the time scales over which the variables change. The maximum power which can be coupled from a Josephson oscillator to a matched load increases with the square of the critical current. Unfortunately, β C and β L are proportional to I c , and increasing these parameters may place the device in a region of the parameter space in which complex oscillations are present. Predicting these regions of complex behavior, therefore, is extremely important, since we would like to design a junction with the maximum critical current for which the voltage waveform is well-behaved.
In this paper, we present a systematic study of shunted Josephson junctions which exhibit complex dynamical behavior. In Section II, we will discuss the sources of inductance in a typical shunted junction and examine the resulting I-V curves when the shunt inductance is changed. In Section III, we will show that matching simulated and experimental I-V curves allows accurate determination of the inductance of the shunt and the capacitance of the junction. Section IV shows that features on measured I-V curves can be linked to changes in the shape of the voltage waveform. These features are a measurable indication that a real device is departing from normal RCSJ-like behavior. Section V outlines a more general method for mapping the parameter space, focusing on the correspondence between these maps and our experimental I-V curves. Finally, we will briefly discuss the influence of noise in Section VI.
II. SOURCES OF INDUCTANCE
Our junctions, which were fabricated at Hypres we estimate that our junctions have β L at 4.2K ranging from 1.1 to 3.4. Furthermore, the junction capacitance can be estimated using the barrier thickness and junction area, giving a capacitance per unit area of 40fF/µm 2 . In the following sections, we will use these values as a starting point for our numerical simulations. As the inductance is increased further, we see many more features on the measured I-V characteristic. At this point, it would be reasonable to expect that at least some of the features on these curves come from resonances in the wiring or the environment surrounding the junctions. We will see later, however, that this is not the case, and that the features arise from complex dynamical behavior or internal junction resonances due to the junction and the shunt.
III. USING FEATURES IN I-V CURVES TO ESTIMATE C AND L S
Since the features on the I-V characteristics in Fig. 3 strongly depend on the value of the shunt inductance, it is important to obtain a more accurate estimate of L s . Rather than attempting to simulate the complicated electromagnetic environment of the junction, we use simulations based on Eqs. 5. Starting with the rough estimates of L S and C, we simulate I-V characteristics and compare them to the measured data. Then, the simulations can be used to fine-tune the parameters until the simulated and experimental I-V curves match. simulation and experiment when the β L parameter is changed by ten percent. As shown in this figure, the feature at i = 1.75 is extremely sensitive to the value of β L . The feature at i = 1.5, however, is not as sensitive. We will show later that the shape of the derivative, dv/di, at i = 1.5 is highly dependent on the value of β C and β L . We also note that the accuracy with which we can estimate the inductance depends to some degree on the value of the inductance itself, since features on the I-V curve are not as pronounced when L s is small.
If we consider a single device at different temperatures, Eqs. 6 show that there is a fixed ratio of β C to β L , since both parameters are linearly dependent on I c . Since we are ignoring noise, and since the shunt resistance is much smaller than the sub-gap resistance, I c is the only parameter which is significantly changed when the temperature is varied. Because of this, experimental I-V curves recorded at different temperatures provide a powerful consistency check for our simulation results. We first determine β C and β L by fitting simulated I-V curves to 4.2K data, as discussed in the beginning of this section. We do not, however, determine the β C and β L for the higher temperature data in the same manner. Instead, we extract I c (T ) from the experimental curves, and use these values to scale the original β C and β L appropriately. Using these parameters, we numerically calculate I-V curves at different temperatures. Since the higher-temperature experimental curves have only been used to determine the values of I c used in the simulations, this provides a strong consistency check. The excellent agreement of these simulations, shown in Fig. 6 , provides greater confidence in the capacitance and inductance parameters which were determined from the 4.2K
data. From this analysis, we also see that the relatively simple model described by Eqs. 5
accurately predicts all of the complex features on our experimental I-V curves. Thus, we see that external resonances due to wiring, etc., which would lead to features similar to what we see here, do not significantly affect our I-V curves.
IV. FEATURES IN I-V CURVES RESULTING FROM COMPLEX DYNAMICS
In the previous sections, we have shown that the agreement between experimental and simulated DC I-V characteristics is very good, allowing accurate determination of the device parameters. The most important consequence of this agreement, however, is that it justifies using simulations to explore high-frequency dynamics of junctions. Since the dynamic From Fig. 8 , we can see that although the voltage waveforms are periodic, they are more complex than one would expect from the usual RCSJ model. We see that the feature at i = 1.5 corresponds to a waveform which is not symmetrical about the midpoint, so that the average voltage on the DC I-V characteristic is reduced. As noted above, the presence of this feature can be attributed to a resonance involving the shunt resistance, shunt inductance, and junction capacitance. Also, note that the feature at i = 1.75 corresponds to a waveform which has a period which is twice the Josephson period, showing that the solution is perioddoubled. Thus, this second feature results from the nonlinear dynamics of the system.
V. PARAMETER SPACE MAPS
We next employ a technique often used to explore nonlinear dynamics. Recall from Eqs. 5 and 6 that there are three independent parameters, β C ,β L , and i, which describe the RCLSJ system. At many points in this three dimensional parameter space, we numerically determine the number of peaks in one period of the voltage waveform. This number allows us to characterize the regions in the parameter space where complex dynamics are present.
For example, the top waveform in Fig. 8 has two peaks in one period, the middle waveform has two peaks in one period, and the bottom waveform has one peak per period.
The effects of increasing the inductance of the shunt loop, while keeping the junction size constant, can be explored by examining a two-dimensional plane in the parameter space. The β C = 0.62 plane is depicted in Fig. 9 , where different colors correspond to different numbers of peaks in the simulated voltage waveform. The black dashed line in Fig. 9 corresponds to the values of β L and i where the junction voltage is equal to v r (see Eq. 7). The lower two I-V curves in Fig. 3 have β C = 0.62, so we expect their behavior to be closely represented by Fig. 9 . Although the top three curves in Fig. 3 are from a different sample and have β C = 0.88, we can qualitatively compare these curves with Fig. 9 .
When the I-V curves of the junctions are examined in light of Fig. 9 , we see that features on the I-V curves correspond to the areas of complex behavior. Some features on the I-V curve appear gradually as β L is increased, and are present before there is a second peak in the voltage waveform. In this case, the voltage waveform slowly changes from one which is nearly sinusoidal to one which has the same period but has two peaks in one period. The feature at i = 1.5 on the β L = 1.37 curve (Fig. 4) exhibits this behavior.
The feature at i = 1.75 on the β L = 1.37 curve corresponds to a period-doubled voltage waveform. Here, the feature corresponds more closely to the region depicted in Fig. 9 , because a second peak in one period of the voltage waveform occurs abruptly when this region is approached. Thus, we see that representations like Fig. 9 can be used to determine if a junction will be near an undesirable region of the parameter space, allowing the junction design to be modified to produced the desired dynamical behavior.
It is also useful to look at another two-dimensional cross-section of the parameter space.
Recall that for different temperatures, a junction has a fixed ratio of β L to β C . This ratio defines a two-dimensional plane which describes a specific junction at different temperatures. The high-current (i > 1.5) feature in the I-V characteristics of Fig. 6 corresponds to the period-doubled region (the upper red region) in Fig. 10 . As the temperature is raised (β C is lowered), this feature occurs at higher current, then suddenly disappears at T = 7K. This behavior is predicted by Fig. 10 , since this figure shows that the period-doubled region is no longer accessible at T = 7K. Thus, we see that the only prominent feature in the T = 7K
and T = 7.5K data is the feature which results from the internal resonance. From this analysis, we see that the parameter space maps described in this section provide a powerful method for describing the dynamics of a junction over a broad range of parameters.
VI. THE IMPORTANCE OF NOISE
To include noise in our simulations, we use a method introduced by Tesche and Clarke 18 .
Noise is modeled in our simulations by introducing random impulses which have a white spectrum and Gaussian correlated amplitudes. Thus, the noise terms in Eq. 5 satisfy:
Here, Γ = 2πk B T/(I c Φ 0 ) measures the strength of the thermal fluctuations.
In most of the previous simulations, the addition of the noise terms did not significantly alter the results over a wide range of parameters. However, as seen in Fig. 6 , simulations of the junctions with higher β L contain sharp features near the critical current which do not closely match the experimental data. Increasing the simulation averaging time does not significantly alter these features, which might result from long chaotic transients. Since these features are at a low voltage (eV < k B T ), we expect the Nyquist noise terms of Eq. 5
to make the dominant noise contributions to the system. In higher voltage regimes, shot noise 6,19 gives a nontrivial contribution and must be considered. Figure 11 shows the effects of noise for the T=6.0K data shown in Fig. 6 . Note that the noise rounds out the simulated I-V curve, resulting in a close match with the experiment.
Also recall that we do not expect the excess current present in the experimental data to be reproduced, since it occurs at high voltages (eV > k B T ).
When the area of our junctions is increased, the inclusion of the noise terms becomes necessary even for lower β L . Since both the capacitance and the critical current increase linearly with the area, β C increases with the square of the junction area. When β C > 1, hysteresis is present in the I-V curves. Fig. 12 shows the agreement that is possible when noise is taken into account. The small negative resistance region near the critical current, for example, is very closely matched by our simulation when noise is included.
One should note, however, that the time steps used to evaluate the simulated I-V curve correspond to about 10 −12 seconds. The time scale of the average performed by a digital voltmeter is on the order of 100 milliseconds. Since any noise pulse which will cause the device to switch is significant, the time scale of the averages will influence the width of the hysteresis. Thus, our simulation would have to average over about 10 11 time steps in order to reproduce the experimental conditions. Since this is not possible, we expect that simulated and experimental I-V characteristics will not show precisely the same amount of hysteresis, as seen in Fig. 12 .
VII. CONCLUSION
We have shown that features in measured current-voltage characteristics of our resistively shunted Josephson junctions are evidence of complex dynamical behavior. Numerical simulations, which include the inductance of the shunt loop, can be used to accurately reproduce experimental I-V curves. Using these simulations, we have developed a method for predicting complex behavior and determining device parameters. We have also discussed the importance of noise when hysteresis is present in the junction I-V curves. Our investi- (l = 38 µm) at T=6K. The value for the sub-gap resistance, R sg = 30 Ω, was measured using an unshunted junction. The bottom curve represents experimental data, the middle curve was computed without noise, and the top curve was generated by a simulation which includes noise.
The curves are offset by 0.5 in the vertical direction. (l = 31.5 µm) at T=4.2K. R sg = 100 Ω. The bottom curve represents experimental data, the middle curve was computed without noise, and the top curve was generated by a simulation which includes noise. The curves are offset by 1.0 in the vertical direction.
